These remarks are based on a talk the writer gave at the 11th International Conference in Fixed Point Theory and Applications, held at Galatasaray University in Istanbul, Turkey, July 20-24, 2015. They represent selected thoughts on a career in research, largely devoted to metric fixed point theory, that has spanned over 50 years.
Introduction
This is not intended to be a review of 'metric fixed point theory' from its inception, but rather an overview of the emergence of the theory as I experienced it over the past  years.
As many know, in  I published a paper that had a clear impact on the development of 'metric' fixed point theory. In these remarks I will discuss how this paper emerged, as well as the early days of my research and selected topics that I have studied throughout the years. I was trained as a geometer. However, my very earliest research had a fixed point theory component. I then ventured into functional analysis, and later became interested in the logical underpinnings of certain aspects of the theory. Later my research largely came full circle back to the study of fixed point theory in geodesic spaces.
Throughout this discussion 'Goebel-Kirk' , 'Khamsi-Kirk' , and 'Kirk-Shahzad' will refer, respectively, to the following books:
• K Goebel, WA Kirk xii+ pp. The present discussion will involve only some aspects of metric fixed point theory as it has developed over the years. The questions of what has been accomplished is clear; what remains to be done is less clear. It is perhaps noteworthy that this year () marks the th anniversary of the appearance of the Goebel-Kirk book and the th anniversary of the appearance of my  fixed point theorem on nonexpansive mappings (discussed below).
I first turn to some of the history of fixed point theory conferences.
K Goebel (Lublin), DH Gottleib (West Lafayette), B Halpern (Bloomington),
'Irregular convex sets with the fixed point property for nonexpansive mappings'
Let X be a Banach space and let C ⊂ X be a convex closed and bounded set. It is known that the fixed point property for nonexpansive mappings depends strongly on some 'nice' geometrical properties of the set C (such as, e.g., uniform convexity, normal structure). The aim of this lecture is to show examples of singularities occurring in this field. The examples of sets having f.p.p. which do not satisfy all known and commonly used regularity conditions are given. One of the constructions shows a decreasing sequence C n of closed convex subsets of  such that C n+ has and C n does not have the fixed point property. The intersection of all the C n 's may or may not have the fixed point property up to our choice.
These results were subsequently published in the paper: K Goebel, T Kuczumow, Irregular convex sets with fixed-point property for nonexpansive mappings. Colloq. Math.  (/), no. , -. My Oberwolfach Abstract highlighted a subtle connection between fixed point theory for nonexpansive mappings and the seemingly unrelated 'accretive' mappings.
'Fixed point theorems for nonexpansive mappings in Banach spaces' Let E denote a real Banach space and D ⊂ E. A mapping T : D → E is said to be nonexpansive if Tx -Ty ≤ x -y , x, y ∈ D. It has been known since  that a firm link exists between the fixed point theory for nonexpansive mappings and mapping theory for accretive mappings. A G-space R in the sense of Busemann (The Geometry of Geodesics, Academic Press, New York, ) is a metric space which is (i) finitely compact (or proper, i.e., bounded closed sets are compact), (ii) metrically convex, and for which (iii) prolongation is locally possible and unique.
Precisely, (iii) means that to every point p ∈ R there corresponds a number ρ p >  such that if x, y ∈ U(p; ρ p ) (the open ball) with x = y there exists a point z ∈ R, z = y, for which
A mapping ϕ of a G-space R onto itself is called a local isometry if for every p ∈ R there exists a number η p >  such that ψ maps the open ball U(p; η p ) isometrically onto the ball U(ϕ(p); η p ). The following fact is almost immediate.
A locally isometric mapping of a G-space onto itself is a motion (surjective isometry) if and only if it is one-to-one (bijective).
This led Busemann to pose the following problem (see p., () of Busemann's book).
Problem Find conditions, in particular conditions applying to an ordinary cylinder, under which a non-compact G-space has the property that every locally isometric mapping of the space onto itself is a motion.
I soon discovered a solution to Busemann's problem which led to my very first published paper:
WA Kirk, On locally isometric mappings of a G-space on itself, Proc. Amer. Math. Soc.  (), -. In this paper I first proved the following 'fixed point' result.
Theorem  A locally isometric mapping of a G-space onto itself which has a fixed point is a motion.
The group of motions of a G-space is said to be transitive if given any two points of the space there is a motion of the space that maps one into the other. Busemann had noted that among two-dimensional G-spaces, it is known that the cylinder (and torus) with a Minkowskian metric has a transitive group of motions.
Therefore the following simple application of Theorem  provides an affirmative answer to Busemann's problem.
Theorem  If a G-space R has a transitive group of motions then every locally isometric mapping of R onto itself is a motion.
Proof Let φ be a locally isometric mapping of R onto itself, let p ∈ R, and let ψ be a motion of R such that ψ • φ(p) = p. Then by Theorem  ψ • φ is a motion and hence one-to-one. This trivially implies φ is one-to-one; hence a motion.
The proceedings paper was submitted in March,  and it appeared in print in August, . (At that time such a lapse between submission and publication was typical.)
Nonexpansive mappings in Banach spaces
A closed convex subset K of a Banach space is said to have normal structure [] if, given any convex subset H of K consisting of more than one point, there exists a nondiametral point in H, that is, there exist a point p ∈ H and a positive number r < diam(H) such that
H ⊆ B(p; r).
Here is a statement of my  fixed point result.
Theorem  Let K be a bounded closed convex subset of a reflexive Banach space, and suppose that K has normal structure. Then every nonexpansive mapping T : K → K has at least one fixed point.
There is a little history associated with this theorem. While at UC Riverside (where I proved Theorem ) a colleague of mine, Hajimu Ogawa, with whom I had discussed my theorem, attended a lecture given by Felix Browder at UC Berkeley. When Ogawa returned he told me that Browder had announced a theorem that sounded very similar to the one I had told him about. I sent Browder a preprint of my paper and he immediately replied that we had indeed hit upon the same idea. He said he would refer to my paper in a footnote to his paper (which he did), and that his paper was scheduled to appear soon in the Proceedings of the National Academy of Sciences. Browder's theorem was the same as mine except that he assumed that the space was uniformly convex and therefore he was able to drop the normal structure assumption.
My The first problem I identified involved the necessity of 'normal structure' in the fundamental existence theorem for nonexpansive mappings in weakly compact sets. It was shown early on that the answer is negative. A second problem that arose early (see [] ) was whether a commutative family of nonexpansive mappings under the assumption of Theorem  always has a common fixed point. This was answered in the affirmative a few years later, independently, by Teck-Cheong Lim i and RE Bruck j [, ].
The 199Seville workshop
In It is gratifying to see that some people are still working on these problems despite the somewhat understandable tendency of people to shy away from such problems out of concern that they might be too difficult. However, over the years there has been progress, some of which I summarize below. We say that a Banach space satisfies FPP (resp. weak FPP) if every bounded closed convex (resp. weakly compact convex) subset of X has the fixed point property for nonexpansive self-mappings. We only mention progress on problems discussed in [] 
Logical foundations
My interest in foundations, and specifically the Axiom of Choice, was stimulated by two events. One was the fact that B Fuchssteiner [] had recently proved that my  theorem on fixed points of nonexpansive mappings, which made explicit use of the Axiom of Choice via Zorn's lemma, did in fact have a proof wholly within the basic axioms of Zermelo-Fraenkel. The other was a brief conversation I had with the Polish mathematician Roman Mańka. This conversation involved the relationship between a well-known variational principle due to Ivar Ekeland and Caristi's theorem. In the discussion below R denotes the set of real numbers and R + = (, ∞). Recall that if X is a metric space, a mapping ϕ : X → R + is said to be (sequentially) lower semicontinuous (l.s.c.) if given any sequence {x n } in X, the conditions x n → x and ϕ(x n ) → r imply ϕ(x) ≤ r.
Theorem  (E) (Ekeland,  []) Let (X, d) be a complete metric space and ϕ
Define a partial order ≤ on X as follows:
Then (X, ≤) has a maximal element.
Theorem  (C) (Caristi,  [])
Let X and ϕ be as above. Suppose f : X → X satisfies
Then f has a fixed point. There is another fact that is of some interest. It has been known from the outset that the validity of Caristi's theorem characterizes metric completeness (see [] ). The same is not true of Banach's contraction mapping theorem. For an elaborate exposition on this topic, see [] .
It is easy to see that (E)
Some interest in foundations continues. For example, in Ackerman [] one finds the statement:
In this paper we will work in a fixed background model of Zermelo-Fraenkel set theory. In general we will not use the axiom of choice unless necessary. If a result does use the axiom of choice we will mark it by ( * ).
On the other hand, nonstandard approaches are extremely powerful and are frequently employed to this day. See for example, the recent paper of Avigad and Iovino [] .
The general Axiom of Choice: Suppose F = {A α } α∈I is a collection of sets with no restriction placed on the index set I. Thus I may be very large, especially uncountable. The Axiom of Choice states that there is a function f : The central purpose of [] was to prove that a fundamental theorem of MA Khamsi [] about commutative families of nonexpansive mappings requires (in the separable case) only (DC) rather than the full Axiom of Choice. However, another consequence of the above theorem might be of independent interest. To this aim, we need some more definitions. If (M, d) is a metric space, a family of closed subsets of M which contains ∅ and M and is closed under intersections is called a convexity structure. A convexity structure is said to be countably compact if every countable family in has nonempty intersection when each of its finite subfamilies has that property.
For x ∈ M and D ∈ , denote 
Some bizarre thoughts -transfinite iterations
Despite the constructive approach of the preceding section, non-construcive approaches can also be quite interesting -yielding even bizarre results. For a survey of early results in this direction we refer to Kirk [] . We begin with the notion of an ultranet (or universal net). The definition is simple. A net {x α } in a set S is an ultranet if given any subset G of S, either {x α } is eventually in G or eventually in S\G. Two facts are of paramount importance regarding ultranets. () An ultranet in a compact topological space always converges, and () every net has a subnet that is an ultranet. We refer to Kirk-Shahzad, Section . for further discussion and citations.
The following transfinite iteration process is described in []; see also [] . Let be the set of all countable ordinals. Think of as a collection of nets. It is possible to associate with each limit ordinal α = {γ ∈ : γ < α} a fixed subnet {β μ(α) : μ(α) ∈ M α } of α which is an ultranet.
Specifically, M α is a directed set with ϕ : M α → {β ∈ : β < α} isotone and cofinal. (Denote ϕ α (μ α ) = β μ(α) .) Now let K be a weakly compact convex subset of a Banach space and T : K → K . Fix x ∈ K and make the inductive assumption {x β = T β (x) : β < α} has been defined. Now define T α (x) as follows:
is also an ultranet.) There is curious anomaly related to the transfinite iteration procedure described above. This result is described in [] ; also see [] .
Theorem  Suppose K is a weakly compact subset of a Banach space and suppose T :
Since the norm in X is lower semicontinuous relative to the weak topology, if x, y ∈ K and if α ∈ is a limit ordinal,
Since is uncountable, it follows that T α (x) = T α (y) for all α sufficiently large, from which the conclusion follows.
The following remark appears to be of particular interest.
Remark  The above result does not assert that z is the fixed point of T. Indeed, it remain an open question to this day whether a contractive mapping of a weakly compact convex subset of a Banach space has a fixed point. However, if T does have a fixed point, then it must be the point z whose existence is assured by Theorem .
There is a comment on the Kirk-Massa paper in a  paper by A Melentsov [] . I have not read Melentsov's paper (it is in Russian) but I quote from the Mathematical Reviews summary. This seems to suggest that Melentsov may have identified conditions that imply the existence of fixed points for contractive mappings.
Let K be a subset of a Banach space X. An operator T:K → K is said to be weakly contractive, if for every point x ∈ K there is a number C(x) and for any sequence {x n } with lim n→∞ x n = x there exists a number N such that T(x) -T(x n ) ≤ C(x) x -x n for all n > N . Every contractive operator is weakly contractive. The investigation of transfinite iteration processes leads to the study of the sequence space (X) with Tikhonov's topology, to the study of fundamental and uniformly fundamental nets in the space (X). In Theorem , by using regular operators summing divergent sequences, necessary and sufficient conditions for the existence of a fixed point of a weakly contractive operator are given. In particular, if T is a contractive operator, then by a theorem of WA Kirk and S Massa [] T (x) = z for all x ∈ K , and by Theorem , T(z) = z.
Two problems
There are many open problems in metric fixed point theory, but two have frustrated me over the years because of their simplicity and yet seeming intractability. The first is suggested by Remark  in the preceding section.
Problem  Does a weakly compact convex subset K of a Banach space have the fixed point property for strictly contractive mappings (that is, mappings T
Another problem involves approximate fixed point sequences. It is well known that if K is a bounded convex subset of an arbitrary Banach space (or normed space) and if T : K → K is nonexpansive, then there is a sequence {x n } in K for which x n -T(x n ) →  as n → ∞. This can be seen by simply uniformly approximating T with a sequence of contraction mapping having Lipschitz constants approaching . Thus for each ε > ,
Problem  If K is a bounded (closed) convex subset of a Banach space and if T, G : K → K are commuting nonexpansive mappings, is it the case that for each ε > ,
For a discussion of some of these and related problems, see [, ].
Further reflections
Throughout most of my career my research has been primarily focused on metric fixed point theory in a functional analytic setting. However, I have always had a lingering interest in geodesic spaces, and in - I published two articles [, ] on fixed point theory in the so-called CAT() spaces. These papers, along with my early collaboration with R Espínola, appear to have stimulated a large amount of on-going research in this setting. Some of this research merely takes advantage of the 'Hilbert space' geometry one finds in CAT() space thus leads to the adaptation of known Hilbert space arguments with little change. However, one of the primary obstacles in branching out to CAT() spaces is the absence of a well-understood 'weak' topology in such spaces. This has been at least partially remedied by the introduction of the notion of -convergence in [] . In fact, it appears that -convergence may be sufficient to carry out the transfinite iteration process of Theorem  (see [] ). A summary of this aspect of my research is found in Kirk-Shahzad, Chapter .
In reflecting on my overall career, I must call attention to my long collaboration with Kazimierz Goebel. My first encounter with Kaz was during the academic year -, when he visited the University of Iowa under the aegis of a Kościuszko Foundation fellowship. During this visit we introduced the often cited concept of an asymptotically nonexpansive mapping to the literature. Later, on a subsequent visit by Goebel to Iowa in , we completed the manuscript for our signature book: Topics in Metric Fixed Point Theory.
Over the years I have made several visits to UMCS in Lublin, Poland, and one of the singular highlights of my career occurred during such a visit in June, . Kaz Goebel arranged for me and our Australian friend, Brailey Sims, to travel with him and his colleague, Yuri Kozitsky, to the historic city Lwów (now Lviv, in Ukraine) where Stefan Banach spent most of his life. While in Lwów we had an opportunity to visit Banach's grave, and the building that housed the famous 'Scottish Cafe' . Brailey subsequently described this journey in an eloquent article he published in the Australian Mathematical Gazette (see [] ). 
